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1 Cost functions � metrics

AGWP and AGTP for a species x are de�ned as:

AGWPx =

∫ H

0

Fx(t) dt (1)

AGTPx =

∫ H

0

Fx(t)R(H − t) dt (2)

where Fx(t) is the forcing and R(H − t) is the response
function given by Eqn. (A2) in Fuglestvedt et al. (2010)
(F2010 from now):

R(ξ) =

2∑
j=1

cj
dj

exp

(
−ξ

dj

)
(3)

The forcing put out from the model is adjusted to an-
nual mean, i.e. integrated forcing of the pulse emission.
In essence, this is AGWP for the time period integrated
over. To calculate AGWP and AGTP for di�erent time
horizons, we assume the forcing to be a pulse of ampli-
tude Ax, with an exponential lifetime τx. The annual
mean radiative forcing Fx is then:

Fx =

∫ 1

0

Ax exp
(
− t

τx

)
dt (4)

= Axτx

[
1− exp

(
− 1

τx

)]
(5)

From this we �nd the assumed initial pulse Ax.

1.1 AIC

For AIC, with a short response lifetime τaic, we get from
Eqn. 5:

Aaic =
Faic

τaic

(
1− e

− 1
τaic

) ≈ Faic

τaic
(6)

Having the pulse Aaic and its exponential decay rate,
we have the forcing as a function of time:

Faic(t) = Aaic e
− t

τaic (7)

and we calculate AGWP using Eqn. (1):

AGWPaic =

∫ H

0

Faic(t) dt (8)

= Aaicτaic

(
1− e

− H
τaic

)
(9)

AGTP is de�ned by Eqn. (2), and solving for this using
Eqn. (7) and Eqn. (3), we get Eqn. (A4) in F2010:

AGTPaic =

2∑
j=1

Aaic τaic cj
τaic − dj

(
e
− H

τaic − e
− H

dj

)
(10)

1.2 O3 � short-lived

From the model we also have O3 annual mean forcing,
i.e. integrated forcing for one year. In general, the short-
lived O3 response reaches maximum after a certain time
ε, and then decays. We consider two possibilities:

1. Approximate by assuming an instant peak of AO3,
then decay according to lifetime.

2. Exponential increase ( 1−e−t/b

1−e−ε/b ) until t = ε, with

maximum Ay, followed by decay according to life-
time.

The two options will give slightly di�erent FO3(t), but as
we will show, option 1 is a good approximation because
most of the signal occurs during the �rst year.

option 1

Assuming FO3(t) decaying exponentially from AO3, we
get:

FO3(t) = AO3 e
− t

τO3 (11)

And similarly to AIC in Eqn. (6), we get from the inte-
grated forcing FO3 for the �rst year:

AO3 =
FO3

τO3

(
1− e

− t
τO3

) ≈ FO3

τO3
(12)

option 2

The second option � assuming a delay in the forcing
peak, requires knowledge of when the peak occured.
Out test assumption is that the signal rises from zero
to Ay at t = ε within the �rst year, as a function of
1− et/b:

FO3,2(t) = Ay
1− e−

t
b

1− e−
ε
b

for 0 ≤ t ≤ ε (13)

FO3,2(t) = Ay e
− t

τO3 for ε < t (14)

We assume b = 0.025ε, so the response up to maximum
is fairly quick, and integrate the forcing for 1 year, to
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get FO3:

FO3 =

∫ 1

0

FO3,2(t) dt

=
Ay

1− e−
ε
b

∫ ε

0

1− e−
t
b dt

+ Ay

∫ 1

ε

e
− t

τO3 dt (15)

=
Ay

1− e−
ε
b

∣∣∣t+ be−
t
b

∣∣∣ε
0

− Ay τO3

∣∣∣e− t
τO3

∣∣∣1
ε

= Ay

(
ε+ be−

ε
b − b

)
1− e−

ε
b

(16)

+ Ay τO3

(
e
− ε

τO3 − e
− 1

τO3

)
We solve Eqn. (16) for Ay:

Ay =
FO3(

ε+be
− ε

b −b
)

1−e
− ε

b
+ τO3

(
e
− ε

τO3 − e
− 1

τO3

) (17)

Error estimates

The value of Ay could be considered �more correct� com-
pared to our choice of AO3. However, we want to show
that the assumption of an instant peak of the latter is
valid for the integral (i.e. area below the curve), so we
integrate AGWP for H = 20 years for both methods:

AGWP 1 =

∫ H

0

AO3 e
− t

τO3 dt

= AO3 τO3 (1− e
− H

τO3 ) (18)

AGWP 2 =
Ay

1− e−
ε
b

∫ ε

0

1− e−
t
b dt

+Ay

∫ H

ε

e
− t

τO3 dt (19)

= Ay

(
ε+ be−

ε
b − b

)
1− e−

ε
b

+Ay τO3

(
e
− ε

τO3 − e
− H

τO3

)
(20)

Similarly, we integrate for AGTP:

AGTP 1 =

∫ H

0

AO3 e
− t

τO3 R(H − t) dt

=

2∑
j=1

AO3 τO3 cj
τO3 − dj

(
e
− H

τO3 − e
− H

dj

)

AGTP 2 =

∫ ε

0

Ay
1− e−

t
b

1− e−
ε
b
R(H − t) dt

+

∫ H

ε

Aye
− t

τO3 R(H − t) dt (21)

=

2∑
j=1

Aycj

dj(1− e−
ε
b )

∫ ε

0

(1− e−
t
b ) e

−H−t
dj dt

+

2∑
j=1

Aycj
dj

∫ H

ε

e
− t

τO3 e
−H−t

dj dt (22)

Table 1: Error in option 1 vs option 2 for AGWP
and AGTP for H = 20 and b = 0.025ε.

ε AGWP AGTP
1/12 0.08% −1.3%
2/12 0.31% −2.1%
3/12 0.57% −2.6%

=

2∑
j=1

Aycj

dj(1− e−
ε
b )

·∫ ε

0

e
−H−t

dj − e
−t( 1

b
− 1

dj
)− H

dj dt

+

2∑
j=1

Aycj
dj

∫ H

ε

e
−t( 1

τO3
− 1

dj
)− H

dj dt

=

2∑
j=1

Aycj

dj(1− e−
ε
b )

∣∣∣∣dje−H−t
dj

− −1
1
b
− 1

dj

e
−t( 1

b
− 1

dj
)− H

dj

∣∣∣∣∣
ε

0

+

2∑
j=1

Aycj
dj

(
−1

1
τO3

− 1
dj

)
·

∣∣∣ e−t( 1
τO3

− 1
dj

)− H
dj

∣∣∣H
ε

=

2∑
j=1

Ay cj

1− e−
ε
b

[
e
−H−ε

dj − e
− H

dj

+
b

b− dj

(
e
−ε( 1

b
− 1

dj
)− H

dj − e
− H

dj

)]
+

2∑
j=1

Ay τO3 cj
τO3 − dj

·

(
e
− H

τO3 − e
−ε( 1

τO3
− 1

dj
)− H

dj

)
The error in option 1 compared to option 2 varies for the
choice of ε, shown in Table 1 for time horizon H = 20.
FO3 is a factor in both AO3 and Ay, so its value does
not matter for the percent error.

Withing 1�3 months the error in AGTP and AGWP is
between 1�3%, which is small enough for our use.

1.3 H2O

The response lifetime for H2O is short, assumed to be
0.05 years, giving the same assumption as for AIC:

AH2O =
FH2O

τH2O

(
1− e

− t
τH2O

) ≈ FH2O

τH2O
(23)

Having the pulse and its decay rate, we have the forcing
as a function of time:

FH2O(t) = AH2O e

(
− t

τH2O

)
(24)

and we calculate AGWP using Eqn. (1):

AGWPH2O =

∫ H

0

FH2O(t) dt
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= AH2O τH2O

(
1− e

− H
τH2O

)
(25)

And AGTP:

AGTP =

∫ H

0

FH2O(t)R(H − t) dt (26)

where R is the usual response function in Eqn. (3). Solv-
ing Eqn. (26) using Eqn. (24) and Eqn. (3), we get:

AGTPH2O =

2∑
j=1

AH2O τH2O cj
τH2O − dj

(
e
− H

τH2O − e
− H

dj

)
(27)

1.4 CH4

CH4 has a response time of about 12 years, hence dif-
fering substantially from the previous components. An
emission of NOx produces a negative perturbation in
CH4 through increase in OH, and this perturbation
reaches its minimum after a time H0. From that point,
the perturbation decays according to the response life-
time. From the model we have the integrated forcing
up to H0 and the minimum RF (Fm) at H0.

For simplicity, we approximate the response from t = 0
to t = H0 as a linear function, and after t = H0 as
an exponential decay:

FCH4(t) =
t

H0
Fm for 0 ≤ t ≤ H0 (28)

FCH4(t) = Fm e
−(t−H0)
τCH4 for H0 < t

This can then be integrated to �nd AGWP and AGTP
(in the following we simplify the notation by writing τ
for τCH4):

AGWPCH4 =

∫ H

0

FCH4(t) dt (29)

=

∫ H0

0

t

H0
Fm dt

+

∫ H

H0

Fm e
−(t−H0)

τ dt

=
H0

2
Fm

+ τ Fm

(
1− e

−(H−H0)
τ

)

AGTPCH4 =

∫ H

0

FCH4(t)R(H − t) dt (30)

=

∫ H0

0

t

H0
Fm R(H − t) dt

+

∫ H

H0

Fm e
−(t−H0)

τ R(H − t) dt

and by inserting R, we get after re-arranging the inte-
gration and sums:

AGTPCH4 =

2∑
j=1

cj
dj

Fm

H0

∫ H0

0

te
−(H−t)

dj dt

+

2∑
j=1

cj
dj

Fm

∫ H

H0

e
−t( 1

τ
− 1

dj
)+

H0
τ

− H
dj dt

followed by partial integration of the �rst term and reg-
ular integration of the second term:

AGTPCH4 =

2∑
j=1

cj Fm

dj H0
·

∣∣∣∣dj t e−(H−t)
dj − d2j e

−(H−t)
dj

∣∣∣∣H0

0

+

2∑
j=1

cj Fm

dj

τ dj
τ − dj

·

∣∣∣∣e−t( 1
τ
− 1

dj
)+

H0
τ

− H
dj

∣∣∣∣H
H0

=

2∑
j=1

cj Fm

H0
·(

(H0 − dj) e
−(H−H0)

dj + dj e
−H
dj

)
+

2∑
j=1

cj Fm τ

τ − dj
·(

e
−(H−H0)

τ − e
−(H−H0)

dj

)

In this work, we assume that the H0 = 1 year.

1.5 PMO

For PMO we assume FPMO = 0.29FCH4, hence we get:

AGWPPMO = 0.29AGWPCH4 (31)

AGTPPMO = 0.29AGTPCH4 (32)

1.6 CO2

CO2 has a long lifetime, with speci�c forcing of ACO2 =
1.82 · 10−15 Wm−2kg(CO2)

−1. With the assumption
of 3.16 kg(CO2) per kg(fuel), we get speci�c forcing of
ACO2 = 5.7512 · 10−15 Wm−2kg(fuel)−1. The time evo-
lution of the response is given in Eqn. (A1) in F2010:

FCO2(t) = ACO2

(
a0 +

3∑
i=1

ai e
− t

αi

)
(33)

with the parameters

a0 = 0.217

a1 = 0.259

a2 = 0.338

a3 = 0.186

α1 = 172.9

α2 = 18.51

α3 = 1.186
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Integrating Eqn. (33) from t = 0 to t = H, we get
AGWP:

AGWPCO2 = FCO2

3∑
i=0

di (34)

d0 = a0 H

d1 = a1 (1− e
− H

α1 )

d2 = a2 (1− e
− H

α2 )

d3 = a3 (1− e
− H

α3 )

AGTP is found by integrating Eqn. (2) using Eqn. (3)
and Eqn. (33), which yields Eqn. (A3) in F2010:

AGTPCO2 = FCO2

{
2∑

j=1

ao cj

(
1− e

− H
dj

)
(35)

+

3∑
i=1

2∑
j=1

ai αicj
αi − dj

(
e
− H

αi − e
− H

dj

)}
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